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Abstract

In a previous paper (Muraskin, 1973), we obtained a bounded particle in ‘aesthetic’ field
theory. The field equations there are implied by a set of equations for a system of basis
vector variables, e,;. In this paper, we propose a simpler set of field equations for e,;. We
find that a bounded particle solution to the equations still appears (as determined by axes
runs). The particle appears basically similar to the particle found previously.

1. Introduction

In a previous paper (Muraskin, 1973),T we found that our aesthetic-type
field theory implied the existence of a bounded particle. We also found that
there was no sign of singularities appearing anywhere in our mapping
program. The field also became small outside the particle. This latter
result is not inconsistent with the natural boundary conditions A, ;; — 0 at
infinity.,

In our previous work, the field equations were for the quantities A; ;.
These A, equations are implied by a set of equations for the quantities e,;.
In this paper we find a simpler set of e,; equations consistent with our basic
ideas. We then study this simpler system of ¢,; equations using computer
techniques.

2. e,; Equations
In our previous work our equations were
deq; = At €am Ay 2.0
Aijie= s pjep Augy 2.2)

T A detailed list of references will be found therein.
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815 = €ai€p;8ap (2.3)
Aapy = 8ap Py 050 + Zay 05 Op0 + Y 8oy ba0
+ Aupy 000 050 010 + By 060 Egupy (2.4)
1 0 00
=g o Yo @5)
0 0 00

(2.4) and (2.5) are invariant under the group O’(3) x 7. Combining (2.1)
and (2.2) we get field equations for e,;

3e,,i
Ox;

The condition that e,; — 0 at infinity implies that e,; is not orthogonal at
all points. That is

= €ym ea-m eﬂi evk Au‘ﬂ'y (2.6)

€41 €45 F 5ij
2.7
€ui eﬂi ?é 6«13 ( )

In our previous work we took e,; to be orthogonal at the origin point.

In formulating the system of equations above we required e,; to be the
basic field from which all the other fields are constructed. Thus, the change
of all fields would be determined from the manner that the field in question
is related to e,;.

3. A Simple Set of e,; Equations

We recall that our coordinate system is taken to be Cartesian in space
and we also bring in a time axis. Only linear coordinate transformations
are allowed. We introduce a set of basis vectors e,; which are to be the basic
field variables. The index « tells us which basis vector we are dealing with.
The change of ¢,; between neighboring points is again a vector, so it should
be expressed as an expansion in terms of the basis vectors. Thus, we have

dey; = Wap(x) epi(x) 3.1)

Now, w,, should depend on dx;, the displacement between the two points.
Thus, we define 4,4, according to

Wop = Agprdxy 3.2
A, is a vector under linear transformations. Thus, we write
Aal}k = evk Arsz- (3.3)
This gives, from (3.2)
Wag = g dxy Aggy (3.4
From (3.1) and (3.4) we get
ae(zi
= Aupyepien G-9)

0y
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As e,; are to be the sole basic fields, we require that de,; be determined from
the basic fields e,;, themselves. The simplest way this can be achieved is to
require 4,4, be constant. As in our previous work, we may then require that
A,p, be invariant under O'(3) x T. Then (3.5) with (2.3), (2.4) and (2.5)
constitute our present g = 0 system of equations.

In our previous work, e,; was orthogonal at the origin. Thus, (3.5) and
(2.6) become identical at the origin. However, they differ as we move away
from the origin on account of (2.7).

The integrability equations associated with (3.5) are

Aagy Ayip — Aapy Ayor + Aavi- Aygp— Aayp Avﬂl =0 (3.6)

We do not have an infinite number of conditions to be satisfied at the origin,
since (3.6) is satisfied at all points if it is satisfied at one point. Thus, unlike
our previous work we do not have an infinite number of integrability
equations. We note that equation (3.6) is formally the same in structure as
the integrability equations when g# 0.

Using the 0'(3) x T'structure (2.4) and (2.5) we get that (3.6) is satisfied if

o= ¢o = Aooo
3.7
Boz =—b, ',bo ( )
We have taken in our computer work
0o = ¢0=Aooo=Bo=“‘l/o= 1 (3-8)
We obtain an extremum in gq, at the origin if
€51 €40 €20 8up Apos
ey =— —— 3.9
ok €40 €40 8ap Apoo (39

with & = 1, 2, 3 and the summation over é is over 1, 2, 3. o, «, f are summed
over 1, 2, 3, 0. To get a maximum or minimum, the quantity A4,,dx, dx;
(t=1,2,3, k=1,2,3) must be positive or negative definite. 4, is given by

A= ey €0 rol Aoy Apai8as
+ onp Aﬂal Zop + Ao’ﬁ.p ABxa gaB] (310)

All the summations in (3.10) are over 1, 2, 3, 0.
A maximum in go, was achieved by choosing e,; at the origin to be

e, =07 e, =062 e,; =046 e10=24
ey, =012 2,, = —0-08 2,5 =—0-14 2,0 =0-082
e;; =—0-015 &5, =—0-097 €53 =—00111  e3=0-092
€90 =20
(3.1Y

€01, €oz> €03 Were calculated from (3.9).
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4. Discussion

In this section we would like to make some additional comments con-
cerning the foundation of our approach.

A basic postulate in our program is that the fields are analytic. This
assumption implies using the field equations that the field at one point can
be expressed entirely in terms of the field at another point by means of a
Taylor series expansion that converges. Once integrability has been
established, the field is fixed at all points by the field equations in a unique
manner once the field is given at one point.

Allthe equations that we have proposed since our initial paper (Muraskin,
1970) have the property that the change of the field between two nearby
points can be expressed entirely in terms of the field at the original point.
We note that not all equations that one could propose have the above
property. For example, the wave equation

(O-m?)f(x)=0 CRY

can be expressed as (Hamilton, 1959)

1) =4 [ [ Do — ) L2

—f(x) (4.2)

aD(x x )}
Thus, the field at x is given in terms of the contribution from an infinite
number of points. f'and 9]0t are arbitrary on a hypersurface. Such arbitrari-
ness would be a disadvantage in a basic theory. The wave equation also
leads to discontinuities in the second derivative across a wave front. We
may look at these discontinuities as an unacceptable property of wave
solutions from a fundamental point of view. These discontinuities do not
occur in a theory based on analytic fields.

It is not yet proved that our field theory is consistent with the notion of
analytic fields. That is, even though we can easily prove local existence of
solutions to (3.5) [in the manner of Muraskin (1972)] we have not been
able to prove global existence. However, the computer program has not
given here, so far, the slightest indication that a singularity may be develop-
ing anywhere. Thus, this suggests that global existence may well be satisfied
also.

In our previous work we considered the equation

de,; = Ay Com A%, 4.3)
We may write
Amik = €sm€p;i Cyx A'o'ﬁv (44)
We define 4,,, by means of
Aaﬁv €am €om A'aﬁv (4-5)
Thus, (4.3) becomes
deai = Aan €81 €y dxk (46)

Thus, equation (3.5) is consistent with the type of equation given by (4.3).
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Within our analytic field framework, the field at a point is determined
completely from the field at a neighboring point. We thus have the
following system of equations:

dAi=wiJ~dxk dBi=W£jdxj
dwij = Aijk dxk dw;l = Aéjk dxk (4.7)
dAijkz.Tijkl dx, :

What we are seeking is the simplest system of equations for which the set
above closes. That is, we do not wish to introduce a new basic field for the
change of each succeeding function within the hierarchy (4.7). We have
presented several systems of equations with this closure property since our
initial paper (Muraskin, 1970). The equations in this present paper are the
simplest system of the type above based on ¢,; as the basic field.

5. Computer Results

We can define 4, by means of

. Aij=eaiepyen Aupy a1
This A;; will no longer satisfy
o4, :
a;k = Amjk Amil + Aimk Amjl + Aijm Amkl (5-2)
1

since (3.5) is not the same as (2.6). In our previous work, we had a problem
in that so many components of A;;, were repeats of other components. In
our present work we still have repeats, but not as many.

We have plotted gy along the x axis in Fig. 1. The plot of gop along y and z
has a similar shape. Even though we do not have a turnabout point, along
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Figure 1.—goo versus x. The grid used was 0-0002.
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each of the axes, go, 1s still nevertheless bounded. goo approaches the bound-
ing value zero in all cases. In view of the absence of a turnabout point in all
directions we do not have a natural boundary for the particle associated
with the maximum. In addition to the maximum of gy, at the origin we have
found a minimum in gy, in the vicinity of x =-2-64, y =0-38, z =2-20.
Here, the value of gy is 0-00008. This leads to the speculation that at the

TABLE 1. goo versus x for large x

X 8oo
4-0 0-51
7-0 0-19

10-0 0-10

13-0 0-061

160 0-041

19-0 0-029

220 0-022

250 0-017

30-0 0-012

50-0 0-0044

100-0 0-0011

150-0 0-00050

300-0 0-00012

500-0 0-000045
1000-0 0-000011
1500-0 0-000005
1850-0 0-000003

exact minimum g, may be zero. We have found similar behavior to what
appears above in our previous work. Although the present equations differ
from the previous ones away from the origin, we did not find any obvious
significant differences when making long runs from the origin. In Table 1,
we give goo as a function of x for large x. For gy, as well as for all components
of e,;, we find a monotonic approaching of zero at large distances from the
origin. Thus, the qualitative situation is unchanged from our previous work.
We have also investigated other sets of data. We took the following

solution of (3.7)

0o = (I»"o = Agoo =02

B, =04 (5.3)

‘//o =—0-8

with e,; still given by (3.11). This gave a maximum in go, at the origin.
A further set of data is given by

Aaﬁv = 5aﬂ ¢v + 517 ¢l3 - ¢'¢ 567 + ¢p Epapy (5-4)
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witht
1 000
0100
%={o 01 0 (5-3)
00 01

Such a set of data does not satisfy integrability for equation (5.2), but it
does for equation (3.5). We chose ¢; =02, ¢, =03, ¢p53=106, ¢o=1-0.
We obtain a maximum for gy, with e,; again given by (3.10). We note the
initial data is unchanged in form under four-dimensional rotations. In
both sets of data above, we take g, to be given by (2.5).

In both these cases, we found the g, versus x plots to be similar to Fig. 1.

6. Summary of Results
We have obtained the following results:

(1) We get a bounded g, particle (as inferred by axes runs).

(2) There is no sign of singularities appearing anywhere in our computer
work.

(3) The fields approach zero far away from the origin in our computer
studies.

From selected runs off the axes, we find no evidence contrary to a bound
existing in all directions.

Thus, our results are basically similar to those of our previous paper.
We see, therefore, that the kind of results we have obtained is not unique
to equation (5.2).
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T 81 = eqn¢p;0,p would not have an inverse at each point, since our computer results
suggest e,; ~> 0 at infinity. Thus, we can not raise indices with the inverse of d;;(x) at all
points,



